The hidden order developing below 17.5K in the heavy fermion material URu 2 Si 2 has eluded identification for over twenty five years. This paper will review the recent theory of "hastatic order," a novel two-component order parameter capturing the hybridization between half-integer spin (Kramers) conduction electrons and the non-Kramers 5f 2 Ising local moments, as strongly indicated by the observation of Ising quasiparticles in de Haas-van Alphen measurements. Hastatic order differs from conventional magnetism as it is a spinor order that breaks both single and double time-reversal symmetry by mixing states of different Kramers parity. The broken time-reversal symmetry simply explains both the pseudo-Goldstone mode between the hidden order and antiferromagnetic phases and the nematic order seen in torque magnetometry. The spinorial nature of the hybridization also explains how the Kondo effect gives a phase transition, with the hybridization gap turning on at the hidden order transition as seen in scanning tunneling microscopy. Hastatic order also has a number of new predictions: a basal-plane magnetic moment of order .01µ B , a gap to longitudinal spin fluctuations that vanishes continuously at the first order antiferromagnetic transition and a narrow resonant nematic feature in the scanning tunneling spectra.
Introduction
The nature of the "hidden order" in URu 2 Si 2 is one of the oldest open problems in strongly correlated electrons [1] [2] [3] . There is a clear mean-field-like specific heat jump at T HO = 17.5K, which, according to the entropy S (T HO ) ∼ 1/3R log 2 should correspond to a large order parameter. However, despite years of active research, the nature of this order parameter is still unknown, suggesting that some fundamentally new phenomenon is responsible. Recently, we proposed hastatic order as this phenomenon [4] . Hastatic order is a type of spinorial hybridization due to the hybridization of a non-Kramers (integer spin) doublet with Kramers (half-integer) conduction electrons. Much of the complex phenomenology of URu 2 Si 2 emerges naturally out of this simple idea. For example, although the hybridization gap is relatively large, the magnitude of any observable moments is limited by the Kondo effect. We can also explain the Ising anisotropy of the heavy quasiparticles deep within the hidden order; the broken tetragonal symmetry seen both in the spin and charge channels; and the pseudo-Goldstone mode seen in inelastic neutron scattering. This article is intended mainly as a review article for non-experts; for details, please refer to our previous paper [4] .
Background

Time-reversal Symmetry
While classically, spins simply invert under time-reversal, S Θ − → − S , quantum mechanically timereversal is an anti-unitary operator acting on the wave-function [5] . For spin-1/2 objects or fermions, that wave-function is a spinor, where a single operation of time-reversal flips the spin and two operations of time-reversal returns the original spinor multiplied by a negative phase factors. It takes four time-reversal operations to return to the original wavefunction. By contrast, integer spin or bosonic wavefunctions invert under a single time-reversal operation and are invariant under double timereversal symmetry (like a vector).
In heavy fermion materials, strong spin-orbit coupling makes J the relevant quantum number, and crystal fields split the 2J + 1 levels into multiplets. Here, the difference between integer and halfinteger spins has an important consequence: Kramers theorem, which guarantees that half integer multiplets must be at least doubly degenerate if time-reversal is preserved. Ions with half-integer J's (due to an odd number of f-electrons) are called Kramers ions, and the resulting doublets are called Kramers doublets. Ions with integer J's (an even number of f-electrons) are called non-Kramers ions and have no such protection. Consequentially, while there may be "non-Kramers" doublets, these can be split into singlets by lowering the crystal symmetry [5] . Non-Kramers doublets may be completely non-magnetic (like the Γ 3 quadrupolar doublet), or they may be magnetic, but are typically Ising-like in that J z is dipolar, but J ⊥ is some higher order multipole [6] . For example, the relevant doublet for 5 f 2 (J = 4) in tetragonal symmetry is the Γ 5 doublet [7] (the foundation of hastatic order):
and is protected by both tetragonal and time-reversal symmetries; when either of these is broken, it splits. The c-axis moment is magnetic, while the in-plane moments are xy and x 2 − y 2 quadrupoles.
Kondo Physics and Hybridization
Heavy fermion materials like URu 2 Si 2 combine nearly free conduction electrons with a lattice of localized f-electrons forming magnetic moments. These two systems are decoupled at high temperatures, giving rise to a Curie-like magnetic susceptibility. However, as the temperature decreases, they are coupled by the Kondo effect, an antiferromagnetic interaction by which the conduction electrons eventually screen out the local moments, forming a heavy Fermi liquid. We can think of this interaction as the hybridization of a dispersive conduction band with a flat (localized) band of f-electrons (see Fig 1(b) ). These are, of course, not the original f-electrons, as those charge degrees of freedom were frozen out at much higher temperatures; instead these are "composite fermions", which combine the creation of a conduction electron with a spin-flip, f S f + [8] . At low temperatures, these two bands hybridize, with a temperature dependent hybridization V ∼ c † f (see Fig. 1b ). The resulting band is much flatter, corresponding to a higher effective mass, m * . There is also a small hybridization gap, ∆ H typically either above or below the Fermi energy. This hybridization develops as a crossover around the Kondo temperature, T K , and the width of the hybridization gap, ∆ H is proportional to T K .
The Kondo interaction comes from virtual valence fluctuations between a ground state doublet and excited singlet states: for a 5 f 1 state, an electron can hop off the f-ion (into the conduction sea), leaving the f-ion in an excited 5 f 0 state. Then when another electron hops back on, it can do so with the opposite spin. Modeling these systems theoretically is challenging because spins do not obey Wick's theorem and cannot be simply treated with quantum field theoretic techniques. To overcome this difficulty, we represent the spin with pseudo-fermions, S f = 1 2 f † α σ αβ f β and the excited 5 f 0 state with a slave boson, |0 = b † |Ω [9] . In the mean-field theory, the slave bosons condense below T K and the hybridization is proportional to b . This condensation incorrectly gives a phase transition at T K , but as no symmetries are broken, going beyond mean field theory restores it to a crossover [10] . The development of heavy fermion behavior is a hybridization between dispersive conduction electrons (green) and localized f-electrons* (blue). The left figure shows the unhybridized bands, which will hybridize with a hybridization, V that develops as a crossover below T K (see right figure) to form two dispersive hybridized bands. The new Fermi level sits in the flatter part of the band, leading to a heavy band mass, and a hybridization gap, ∆ H either above or below the Fermi level (depending on whether the hybridization is with f-electrons or f-holes). ∆ H is proportional to T K , and much smaller than the low temperature magnitude of V = √ DT K , where D is the conduction electron bandwidth.
Hidden Order Background and Relevant Experiments
URu 2 Si 2 is a heavy fermion material with Ising spins on the U sites. Around 70K, these moments begin to be screened by the conduction electrons, indicating the partial formation of a heavy Fermi liquid. At T HO = 17.5K, there is a second order phase transition into the hidden ordered (HO) state, which gaps out large portions of the Fermi surface; the large entropy involved in this transition indicates that the local moments have only been partially screened by T HO [1] . Under pressure, the hidden order undergoes a first order transition to an antiferromagnetic (AFM) phase with an ordering vector Q = [001] [11] [12] [13] . de Haas-van Alphen experiments find the same Fermi surface in both the AFM and HO states, implying the two states have the same Q [13] . Inelastic neutron scattering has shown a softening longitidunal mode interpreted as a pseudo-Goldstone mode between the HO and AFM [14, 15] . This interpretation has the startling implication that HO likely also breaks timereversal symmetry, as there are not typically Goldstone modes between two phases with different time-reversal properties. Furthermore, broken tetragonal symmetry developing at T HO has been seen in torque magnetometry data (as a χ xy (T )) and as a small orthorhombic distortion [16, 17] .
There are two sets of recent experiments that together suggest hastatic order in URu 2 Si 2 . The first are recent scanning tunneling microscopy (STM) experiments that use quasiparticle interference to measure the bandstructure and can see the development of hybridization between conduction electrons and local moments as a band-bending that develops precisely at T HO [18, 19] . The hybridization gap measured in STM has the same magnitude as the specific heat gap, and so the HO gap can be explained as a hybridization gap that partially gaps out the Fermi surface, and develops at T HO as an order parameter. ARPES experiments also indicate the development of coherent quasiparticles at T HO [20, 21] , and together these suggest that HO is the development of hybridization. Of course, normally hybridization only develops as a crossover, not a phase transition, and so there must be something quite unusual (and symmetry breaking) about this hybridization.
The second set of experiments are two measurements of the magnetic anisotropy of the heavy quasiparticles in the HO state. de Haas-van Alphen measurements in a tilted magnetic field show that the g-factor of the quasiparticles is distinctly Ising-like with a cos θ dependence [22, 23] . The superconducting H C2 has a similar Ising anisotropy [24, 25] . As non-interacting conduction electrons will be only weakly anisotropic, these quasiparticles must have inherited this Ising nature from the U moments; this hybridization can only happen if the U ground state is either a doublet or a "pseudodoublet" formed from two singlets whose splitting is much smaller than T HO
Hybridizing with a Non-Kramers Doublet
So we have seen that the hidden order seems to involve the hybridization of conduction electrons with an Ising local moment. The valence of the U ion is controversial, with inelastic neutron measurements [14, 26] favoring 5f 2 and EELs favoring 5f 3 [27] . In a tetragonal system like URu 2 Si 2 , the Ising nature is most consistent with a non-Kramers doublet (an Ising-like Kramers doublet is possible, but requires extreme fine-tuning [28] ; similarly two closely spaced singlets also require fine-tuning). So we conclude that the conduction electrons are hybridizing with a non-Kramers doublet, which has serious consequences for the nature of the hybridization.
Before we get to the microscopic picture, let us examine the simplest possible Hamiltonian mixing Kramers and non-Kramers states. For conciseness, we represent θ 2 as a 2π rotation in S U(2) parameter space. As conduction electrons are Kramers-like, their wavefunction picks up a negative sign under double time-reversal, |kσ 2π = −|kσ , while a non-Kramers state will not, |Jm 2π = +|Jm . The mixing between these two states is given by a hybridization, V mσ :
Since the Hamiltonian must be invariant under double time-reversal, V 2π mσ = −V mσ must pick up a negative sign under time-reversal symmetry, just like a spinor. In fact, this spinorial nature of the hybridization should not be surprising: we are mixing a half-integer spin state with an integer spin state, and therefore the hybridization itself must carry a half-integral angular momentum. In a real material, this kind of mixing occurs via valence fluctuations, and as the non-Kramers state must involve an even number of f-electrons, the mixing term V will involve the destruction of a Kramers state and the hybridization necessarily inherits the spinorial nature of the Kramers state; by contrast, the usual hybridization destroys a non-Kramers state and will likely not break time-reversal.
Turning now to the microscopic picture [shown in Fig. 2] , we come to the same conclusion. In the normal Kondo case, we represent the excited singlet with a single slave boson. But when the ground state is a non-Kramers ion (n even), all valence fluctuations will be to a Kramers ion (n odd). These excited states are protected by time-reversal symmetry and therefore must be Kramers doublets; now we have two Kondo channels instead of one. Instead of representing a single state by a slave boson b, we need a slave boson for each state, Ψ ↑ and Ψ ↓ . These form a spinor, and when the bosons condense (indicating the development of hybridization), this spinor describes a direction, thereby breaking time-reversal symmetry. This spinor of slave bosons is quite similar to the Schwinger bosons used in frustrated magnetic systems, where the condensation of the bosons indicates magnetic order. Here, The hybridization of a Kramers doublet with conduction electrons will generically take place via valence fluctuations to an excited singlet, which can be represented by a single slave boson. Therefore, the normal Kondo effect breaks no symmetries and will develop as a crossover. By contract, the hybridization of a non-Kramers doublet with conduction electrons will necessarily involve valence fluctuations to an excited Kramers doublet, which must be represented by a spinor of slave bosons. This spinorial hybridization breaks time-reversal symmetry (as it must pick a direction in the excited Kramers doublet) and therefore develops as a phase transition. (b) Once the hybridization spinor acquires a magnitude, it can either behave as a disordered paramagnet; point along the c-axis, which leads to a phase that behaves like an Ising antiferromagnet (assuming a staggered orientation); or point in the basal plane, which leads to a phase that looks suspiciously like hidden order. This third option is what we call hastatic order. Simply by writing down a Landau-Ginzburg theory associated with the spinorial order parameter, Ψ, we can reproduce the basic phase diagram of URu 2 Si 2 , as we can introduce a term −λΨ † σ z Ψ to tune between the antiferromagnet, with Ψ aligned along the c-axis and hastatic order, with Ψ pointing in the basal plane. A unique consequence of this spinorial order is that the gap to longitudinal spin fluctuations vanishes as ∆ ∼ √ P − P c , even though P C describes a first order phase transition. the amplitude of the spinor squared is not fixed to 2S , but instead will be given by the deviation of the valence from n = 2. As the development of hybridization breaks both spin-rotation and time-reversal symmetry, it can only develop at a phase transition. So hybridizing with a non-Kramers doublet leads to a two-channel Kondo problem, converting the normal Kondo crossover into a phase transition. This idea naturally explains how the hybridization gap can turn on as an order parameter at T HO -it turns on as an order parameter because it is an order parameter. In our microscopic calculation, we find that when the spinor points along the c-axis (and is staggered), the resulting state is AFM with large f-electron moments; however, when the moment points in the basal plane, the resulting state has no large moments and strongly resembles HO. We have dubbed this state "hastatic order." [4] We can develop a Landau theory of this spinorial order parameter,Ψ = (Ψ ↑ , Ψ ↓ ):
The additional term, λ(Ψ † σ zΨ ) 2 favors the spinor pointing along the c-axis or within the basal plane, giving the observed HO to AFM transition as a spin-flop of the hybridization spinor from the basal plane to the c-axis. Moreover, we can calculate the gap to longitudinal spin fluctuations in the hastatic state, and find that it vanishes with a square-root behavior at the first order transition to the AFM.
Microscopic Theory
Intra-channel gaps (non-symmetry breaking)
Inter-channel gap (symmetry breaking) (a) (b) Fig. 3 . (a) If the ground state of URu 2 Si 2 is the Γ 5 non-Kramers doublet, then the valence fluctuations will be described by a two-channel Anderson model that is strongly constrained by the form of the doublet. Here we choose the excited doublet to be the Γ + 7 doublet of 5f 1 , which means that Γ 6 and Γ − 7 conduction electrons will hybridize with the ground state Γ 5 doublet. The small figures show the symmetry of these two types of conduction electrons. (b) There are two types of hybridization gaps resulting from hastatic order: uniform intra-channel gaps that originate with the amplitude of the spinorial hybridization, Ψ † Ψ and a staggered interchannel gap that comes from the phase of the hybridization, Ψ † σΨ . Only the last gap breaks time-reversal and tetragonal symmetries. In the mean field theory, all of these gaps will develop at T HO , but beyond mean field theory, only the symmetry breaking gap is required to develop at T HO . We strongly suspect that hastatic order will "melt" via phase fluctuations, such that the non-symmetry breaking gaps will survive above T HO and give rise to the hallmarks of heavy fermion behavior.
